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Insertion Sort

Quick Sort

» [hese two are functionally equivalent. Which one performs better?

* Both run in guadratic time In the worst case.

» But Insertion sort can be linear-time on nearly-sorted data.
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Insertion Sort

How many swaps does the algorithm need?

DS IS proportional to
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dalrs 1IN the Input.

dress and automatically verify such a complex bound.
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1 B | y } A value of type B that satisfies V

m

L int | v2 0} A non-negative integer

W —W

I List a) > { List a | len(v) = Ten(x5] ¥ =%

A function that returns a list whose length is one plus the length of its input
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Di’s are program states Arcs are transitions
with actual costs
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<I><Do> <I><D1> q)(Dz) <I><D3> <I><D>

.
----------------------------------------------------------------

O(D,) > Cost(D,, D3) + ®(D;) The potential function
maps program states to

-------------------------------

The initial potential is an
upper bound!

honnegative numbers

9
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Potential: numeric { Int | v > 0 }5-v

l e

A non-negative Integer carrying potential

{ B ‘ ll} }(P equal to 5 times of Its value

I L'lst aitE(VZ@,1,@)

et —

Refinement: boolean | | |
A list of numbers carrying potential

equal to #non-negative elements In It
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insert = Ax. Axs. insert :: (x : a?) -> (xs : List aiteCev. 1o}y o5 e

match xs with _ Ty

il —> Cons X xs

foms id Bl > 1f hd < X . .
then Cons hd (tick 1 (insert x tl1)) one unit of potentia
else Cons x (Cons hd tl1)

Fach element that Is less than X carries

* |In RESYN, you cannot express a type for insertion sort.

* Because you can only distribute potential uniformly within a list.
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data QList a where
(gl :: Olast a
ifems ! (¢ " a) > Qlist a! -> Qlist a

the tail of the list carries one more unit of
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What is the potential in L = [v, v,, --+, v, ] of type QL1st T?

D(L) = Z;,P 20 p is the potential of type 1
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data ISList a where
ISHal = 15la1st a
I5feRs ° (x "a) —> ISlList aitelev,1,8) o> TS| qst

w

the elements In the tail of the list only carries the one extra unit of potential
when their value is less than the head

!

The potential In L is #out-of-order-pairs In It/

™M Can be used to express the bound of insertion sort
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data QList a where parameterized by a potential extractor
il :: Olist a
(tons i: a —> Qlist a! -> Qlist a e data List t <q::(t*t)->Nat> where
e ‘ Nil :: List ¢ <00
data ISList a where A Cons v: (x » t) —> Li1st ] i
el o 15Lst 3 -> st & <q
ISCons :: (x : a) -> ISList aiteCov,1,0) _rer
-> ISList a

In the Cons constructor, the value q(x, V)

s added to the potential annotation
of every element in the tall

(list a. = Listk a <A [ ]>
ISList a = List a <A(x1,.x2).i1te(x1>x) | &1

s e e

w—_

Baked-In potential annotations

are not reusable

15



CONSTRAINT-BASED TYPE CHECKING

ghsert o (x 1 a%) —> (xs ; List aitelov,1i8) <X B>y > |ist ad <f U

SofE "« (s @ List al <h(xl,x2) atelxb>x2. 1.8)>) > list a& <A

SOFL = AXS.
match xs with
Nil -> Nil
Cons hd tl ->
1nsert hd
(Liek |
(o1t t1))




CONSTRAINT-BASED TYPE CHECKING

ghsert o (x 1 a%) —> (xs ; List aitelov,1i8) <X B>y > |ist ad <f U

SO0 " (xs ® List a' <Ah(xl,x2)ate(x1>x2.1.8)>) > lList a% <k &

SAFL = AXS.

llllllllllllllllllllllllllllllllllll

_match xs with: [xs: List a' <A(x1,x2).ite(x1>x2,1,0)>]
Gons hd £l >
1nsert hd
(Lick |
(sort tl1))




CONSTRAINT-BASED TYPE CHECKING

ghsert o (x 1 a%) —> (xs ; List aitelov,1i8) <X B>y > |ist ad <f U

SO0 " (xs ® List a' <Ah(xl,x2)ate(x1>x2.1.8)>) > lList a% <k &

SOLL = AXS.
match xs W1th [xs: Last al <Aix1,x2).ate(xl>x2 1.0 |

lllllllllllllllllllllllllllll

ENIL -> Nil ; ]
Cons hd tl ->
1nsert hd
(Liek |

(soet 1))




CONSTRAINT-BASED TYPE CHECKING

ghsert o (x 1 a%) —> (xs ; List aitelov,1i8) <X B>y > |ist ad <f U

SofE "« (s @ List al <h(xl,x2) atelxb>x2. 1.8)>) > list a& <A

SOIE = AXS.
match xs with

N1l -> Nil
0 Bl t1 > = 1Cons :: (hd : a') -> List aMitebui1,@) <A(x1,%2) - FEE (T

lllllllllllllllllllllllllllll

ot b => last al <Alxl], x2).itelxl>x2, |, 8

(Lick |
(soet 1))




CONSTRAINT-BASED TYPE CHECKING

ghsert o (x 1 a%) —> (xs ; List aitelov,1i8) <X B>y > |ist ad <f U

SO0 " (xs ® List a' <Ah(xl,x2)ate(x1>x2.1.8)>) > lList a¢ <k &

SAFL = AXS.

match xs with
al —> Nil
0 Bl t1— = 1Cons :: (hd : a') -> List aMitetbui1,@) <A(x1,%2) - FEE (T

lllllllllllllllllllllllllllll

ot b => last al <Alxl], x2).itelxl>x2, |, 8

(Lick |
(soet 1))




CONSTRAINT-BASED TYPE CHECKING

ghsert o (x 1 a%) —> (xs ; List aitelov,1i8) <X B>y > |ist ad <f U

SO0 " (xs ® List a' <Ah(xl,x2)ate(x1>x2.1.8)>) > lList a¢ <k &

SAFL = AXS.

match xs with
lal > Nil
0 ld tt = @ tCons :: (hd : a') -> List aitehdw1,0) <A(x1, X2} FEEURE S

lllllllllllllllllllllllllllll

ot b => last al <Alxl], x2).itelxl>x2, |, 8

(Lick |
(soet 1))




CONSTRAINT-BASED TYPE CHECKING

ghsert o (x 1 a%) —> (xs ; List aitelov,1i8) <X B>y > |ist ad <f U

SO0 " (xs ® List a' <Ah(xl,x2)ate(x1>x2.1.8)>) > lList a% <k &

SOFL = AXS.
match xs with [xs: List a' <A(x1, ) . 1te(xlox? 1, 9) |
il —> Nl [ ]
Cons hd tl ->
1nsert hd
(Lick |
(o1t t1))




CONSTRAINT-BASED T YPE CHECKING

ghsert o (x 1 a%) —> (xs ; List aitelov,1i8) <X B>y > |ist ad <f U

SO0 " (xs ® List a' <Ah(xl,x2)ate(x1>x2.1.8)>) > lList a% <k &

SOLL = AXS.
match xs with [xs: Last al <Aix1,x2).ate(xl>x2 1.0 |
Nil -> Nil | ]

lllllllllllllllllllllllllllll

:Cons hd t1 i-> [hd: al, tl: List altitelhd>v,1,8) <A(x7,x7).1telx]i=n2 g

lllllllllllllllllllllllllllll

1nsert hd
(Lick |
(sort tl1))




CONSTRAINT-BASED T YPE CHECKING

ghsert o (x 1 a%) —> (xs ; List aitelov,1i8) <X B>y > |ist ad <f U

SO0 " (xs ® List a' <Ah(xl,x2)ate(x1>x2.1.8)>) > lList a% <k &

SOFL = AXS.
match xs with [xs: List a' <A(x1, ) . 1te(xlox? 1, 9) |
il —> Nl [ ]
Cons nd t1 -> [hd: al, tl: List altite(hd>v,1,8) <X(x],x2).1telx]x? |
-insert hd: [hd: art, t1: List adl(hd,v) <q1>]
e e
(o1t t1))




CONSTRAINT-BASED T YPE CHECKING

ghsert o (x 1 a%) —> (xs ; List aitelov,1i8) <X B>y > |ist ad <f U

SO0 " (xs ® List a' <Ah(xl,x2)ate(x1>x2.1.8)>) > lList a% <k &

SOFL = AXS.
match xs with [xs: List a' <A(x1, ) . 1te(xlox? 1, 9) |
il —> Nl Bl
Cons nd t1 -> [hd: al, tl: List altite(hd>v,1,8) <X(x],x2).1telx]x? |
insert hd [hdz apk, £l list aalthd.vl <qf |
e [hd: ar?, t1: List ae2(hd.v) <q2>]
.(sort t1));




CONSTRAINT-BASED T YPE CHECKING

ghsert o (x 1 a%) —> (xs ; List aitelov,1i8) <X B>y > |ist ad <f U

SO0 " (xs ® List a' <Ah(xl,x2)ate(x1>x2.1.8)>) > lList a% <k &

SOFL = AXS.
match xs with [xs: List a' <A(x1, ) . 1te(xlox? 1, 9) |
il —> Nl [
Cons nd t1 -> [hd: al, tl: List altite(hd>v,1,8) <X(x],x2).1telx]x? |
1nsert hd fhdy apl, tl: |15k adltd ) caf |
ek [hd: a2, t1: List aw(dy) <q2>]
(sort t1))




CONSTRAINT-BASED T YPE CHECKING

ghsert o (x 1 a%) —> (xs ; List aitelov,1i8) <X B>y > |ist ad <f U

SO0 " (xs ® List a' <Ah(xl,x2)ate(x1>x2.1.8)>) > lList a% <k &

SOFL = AXS.
match xs with [xs: List a' <A(x1, ) . 1te(xlox? 1, 9) |
il —> Nl Bl
Cans hd tl -> thd: al, tl: List altitelhd>v,1,8) <X(x] . x%2).1telx] xJ | 011
1nsert hd fhdy apl, tl: |15k adltd ) caf |
(Eiek | fhd: arZ, tl: [ist a2l «gi>|
(sort t1)) [hd: ar2-1, t1: List as2(hd.v) <q2>]

IIIIIIIIIIIIIIIIIIIIII




CONSTRAINT-BASED TYPE CHECKING

fasert o (x @ a%) > (xs

List aiteleovi @) <X B>) -> |18t al <A 1

SO0 " (xs ® List a' <Ah(xl,x2)ate(x1>x2.1.8)>) > lList a% <k &

SOFL = AXS.
match xs with
Nil -> Nil
Cons hd tl ->
1nsert hd
(Liek |
(o1t t1))

Ap, Py, g1, 95,5 . Vhd, V.

| Xs:

[ ]

| hd:
| hd:
| hd:
| hd:

List al <Alxd, x2) . 1te(xl>x2 | @) |

al, tl: List altite(hd>v;1,0) <XN{x] . %x2).1telx] %l | &
arl, tl: List galthd, v} «qi |

ar2, tl: List ae2(hd.v) <q2>]

ar2-1, t1: List aa2(hd.v) <q2>]




CONSTRAINT-BASED [ YPE CHECKING

ghsert o (x 1 a%) —> (xs ; List aitelov,1i8) <X B>y > |ist ad <f U

SO0 " (xs ® List a' <Ah(xl,x2)ate(x1>x2.1.8)>) > lList a% <k &

sort = AXxs.
match xs with [xs: List a' <A(x1, ) . 1te(xlox? 1, 9) |
Nil -> Nil Bl
Cans hd tl -> Ihd: al, tl: List altitethd>v,1.8) <X(x1 x2).1telx] x] | @1
insert hd [hd® ael,- El: | 1st aaltid. i) cal|
(Eiek | fhd: arZ, tl: [ist a2l «gi>|
(sort tl)) [hd: apZ2 . t]: | 1St a%2theael gl ]

Ap1, Pr. G1,Gp, 8 -Vhd,v. p,+p,=1Aq(hd,v)+ g,(hd,v) = 1 + ite(hd > v,1,0)



CONSTRAINT-BASED TYPE CHECKING

fasert o (x @ a%) > (xs

List aiteleovi @) <X B>) -> |18t al <A 1

SO0 " (xs ® List a' <Ah(xl,x2)ate(x1>x2.1.8)>) > lList a% <k &

SOFL = AXS.
match xs with
Nil -> Nil
Cons hd tl ->
1nsert hd
(Liek |
(o1t t1))

Ap, Py, g1, 95,5 . Vhd, V.

| Xs:

[ ]

| hd:
| hd:
| hd:
| hd:

List al <Alxd, x2) . 1te(xl>x2 | @) |

al, tl: List altite(hd>v;1,0) <XN{x] . %x2).1telx] %l | &
arl, tl: List galthd, v} «qi |

ar2, tl: List ae2(hd.v) <q2>]

ar2-1, t1: List aa2(hd.v) <q2>]




CONSTRAINT-BASED T YPE CHECKING

fasert o (x @ a%) > (xs

List aiteleovi @) <X B>) -> |18t al <A 1

SO0 " (xs ® List a' <Ah(xl,x2)ate(x1>x2.1.8)>) > lList a% <k &

SOFL = AXS.
match xs with
Nil -> Nil
Cons hd tl ->
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fasert o (x @ a%) > (xs

List aiteleovi @) <X B>) -> |18t al <A 1

SO0 " (xs ® List a' <Ah(xl,x2)ate(x1>x2.1.8)>) > lList a% <k &

SOFL = AXS.
match xs with
Nil -> Nil
Cons hd tl ->
1nsert hd
(Liek |
(o1t t1))

Ap, Py, g1, 95,5 . Vhd, V.

| Xs:

[ ]

| hd:
| hd:
| hd:
| hd:

List al <Alxd, x2) . 1te(xl>x2 | @) |

al, tl: List altite(hd>v;1,0) <XN{x] . %x2).1telx] %l | &
arl, tl: List galthd, v} «qi |

ar2, tl: List ae2(hd.v) <q2>]

ar2-1, t1: List aa2(hd.v) <q2>]




CONSTRAINT-BASED T YPE CHECKING

fasert o (x @ a%) > (xs

lllllllllll

---------

llllllllllllllllllll

S0k 1t (1s :ilist absich(x], x2)itelx>x2 . 1.8)>) —>:list ot 7 0

lllllllllll

SOFL = AXS.
match xs with
Nil -> Nil
Cons hd tl ->
1nsert hd
(Liek |
(o1t t1))

Ap, Py, g1, 95,5 . Vhd, V.

IIIIIIIII

| Xs:

[ ]

| hd:
| hd:
| hd:
| hd:

llllllllllllllllllll

List al <Alxd, x2) . 1te(xl>x2 | @) |

al, tl: List altite(hd>v;1,0) <XN{x] . %x2).1telx] %l | &
arl, tl: List galthd, v} «qi |

ar2, tl: List ae2(hd.v) <q2>]

ar2-1, t1: List aa2(hd.v) <q2>]

qg,(hd,v) > 1 + s(hd, v)



CONSTRAINT-BASED TYPE CHECKING

fasert o (x @ a%) > (xs

lllllllllll

---------

llllllllllllllllllll

S0k 1t (1s :ilist absich(x], x2)itelx>x2 . 1.8)>) —>:list ot 7 0

lllllllllll

SOFL = AXS.
match xs with
Nil -> Nil
Cons hd tl ->
1nsert hd
(Liek |
(o1t t1))

Ap, Py, g1, 95,5 . Vhd, V.

IIIIIIIII

| Xs:

[ ]

| hd:
| hd:
| hd:
| hd:

llllllllllllllllllll

List al <Alxd, x2) . 1te(xl>x2 | @) |

al, tl: List altite(hd>v;1,0) <XN{x] . %x2).1telx] %l | &
arl, tl: List galthd, v} «qi |

ar2, tl: List ae2(hd.v) <q2>]

ar2-1, t1: List aa2(hd.v) <q2>]




CONSTRAINT-BASED T YPE CHECKING

ghsert o (x 1 a%) —> (xs ; List aitelov,1i8) <X B>y > |ist ad <f U

lllllllllll

---------

llllllllllllllllllll

S0k 1t (1s :ilist absich(x], x2)itelx>x2 . 1.8)>) —>:list ot 7 0

lllllllllll

SOFL = AXS.
match xs with
Nil -> Nil
Cons hd tl ->
1nsert hd
(Liek |
(o1t t1))

Ap, Py, g1, 95,5 . Vhd, V.

IIIIIIIII

| Xs:

[ ]

| hd:
| hd:
| hd:
| hd:

llllllllllllllllllll

List al <Alxd, x2) . 1te(xl>x2 | @) |

al, tl: List altite(hd>v;1,0) <XN{x] . %x2).1telx] %l | &
arl, tl: List galthd, v} «qi |

ar2, tl: List ae2(hd.v) <q2>]

ar2-1, t1: List aa2(hd.v) <q2>]

0+ s(hd,v) > 1ite(hd > v,1,0)



CONSTRAINT-BASED TYPE CHECKING

ghsert o (x 1 a%) —> (xs ; List aitelov,1i8) <X B>y > |ist ad <f U

llllllllllllllllllllllllllllllllllllllll

S0k 1t (1s :ilist absich(x], x2)itelx>x2 . 1.8)>) —>:list ot 7 0

llllllllllllllllllllllllllllllllllllllll

SOFL = AXS.
match xs with [xs: Last al <Aix1,x2).ate(xl>x2 1.0 |
il —> Nl [ ]
Cans hd tl -> thd: al, tl: List altitelhd>v,1,8) <X(x] . x%2).1telx] xJ | 011
insert hd [hd: arl. £l List aaliid i <af |
(Eiek | fhd: arZ, tl: [ist a2l «gi>|
(SorE 1)) [hd: ar2-1, tl: List ae2(hd,v) <g2>]

Second-Order Conditional Linear Arithmetic Constraints
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TYPE SOUNDNESS

T a closed program E of type T I1s well-typed with Q units of inrtial

potential, then the evaluation of E with Q units of inrtial resource
will not get stuck, and when E evaluates to a value V, V will satisty

the constraints specified by T.
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| . . uadratic
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Cons 1 (= t) > list 109 <g> =5 L st & <> Zi<jQ(Vi’vj)
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Datatype

M USABLE DATATYIID

Potential

data List t <q::t->t->Nat> where -
| . . uadratic
List Wil-s: LSt & <> Q
Cons 1 (= t) > list 109 <g> =5 L st & <> Zi<jQ(Vi’vj)
data EList t <q::Nat> where = -
. . . -xponential
List Wk 2 EList t <g> P
Cops o= (x = b4 > Elist 295> = i st & qg-(2"—1)
data LTree t <qg::Nat> where Ca -
| ze * Height
Blnary Tree Leak 5o (s £y => llFee § <q> o %
Node :: lLTree t9 <q> -> LTree ta <g> -> lLtree t <q> = &2




Datatype

M USABLE DATATYIID

Potential

data List t <q::t->t->Nat> where -
| . | uadratic
st Mil = List & <g> Q
Cons 1 (= t) > list 109 <g> =5 L st & <> }:ngCWVW)
data EList t <q::Nat> where = -
. . . -xponential
List Nil @@ EList t <q> P
Cons 2 (e 0 99 > Blast £ <Fags > Flach & o g2 = ]
data LTree t <q::Nat> where Size * -
| ze * Helght
Bmary tree leaf 1 (x :t) > llree t <q> 2

Node :: LTree td <g> -> LTree t9 <q> -> Ltree t <g>

~ q-nlog,n

Pathed potential tree

data PTree t <p::t->Bool, g::Nat> where
leal :: Plree t <p, o>
Hode 2: (x ¢ #1) —> Plree t <p, ite(p(x),.q,U)>
-> PTree t <p, 1te(p(x),0,q)> -> PTree t <p, @

Parameterized by a

specific path
g 7

19




BENCHMARK PROGRAMS

Description Bound on #recursive-calls Time (In sec.)
All Ordered Pairs n2+n 0.5
List Reverse (Slow) Gone | on 0.4
Polynomial _ist Remove Duplicates Dorn [ 0 -
Quadratic [scilion Sort ((oatse) Uanzid on 0.6
Potential Selection Sort 502t 5n 05
Quick Sort an it on e
el ookt i O
Non-Polynomial Subset Sum 2(20-1) 0
Potential Merge Sort Flatten (Bt 1) 5h 0.9
Vo Insertion Sort (Fine) #out-of-order-pairs >
Dependent B0 1 lhsel b iInsertion path 2
Potential BST Member search path 6.0

20



TYPES

data List t where
Hal = lList ©
Gans 22 (¢ ° 1) => last | > :last §

2|




LIQUID RESOURCE | YPES

data List t <q::t->t->Nat> where
ol 2 List t < I
Cans ! (x v 1) > last B9 <a> > | st & <@

Contributions:
» Verification of value-depe

super-linear resource bou
» Soundness proof of the type syste
- Effective prototype implementatio

2|



LIQUID RESOURCE | YPES

data List t <q::t->t->Nat> where
il v L1st t <q> I
B 1 Los b)) > List 10 <gs -Soligt | e

Contributions:

» Verification of value-depe Limitations:

* Only inductively defined potentials
* Only univariate bounds
* No bound interenice

super-linear resource bou
» Soundness proof of the type syste
- Effective prototype implementatio

2|



